Careful calculations are performed to obtain the radial density-density response function for the He and the Be series. This is also done along the adiabatic connection of the density functional theory ͑as the system evolves from the real, physical system to the Kohn-Sham one͒. In this process the electron density is kept constant, while the strength of the interaction between electrons changes. The response functions are analyzed in terms of their eigenvalues and eigenfunctions. The latter change only little along this process. The absolute value of the eigenvalues is in general reduced by the interaction: A screening effect is present. For the near-degenerate systems, we notice that the opposite effect can appear ͑antiscreening͒.
I. INTRODUCTION
The Hohenberg-Kohn theorem 1 establishes the mapping between the external potential of a given system, v ext , and the ground state density n. As a chemical process implies a change in v ext it seems natural in this context, as a first step, to study the relationship between small changes in v ext , ␦v ext , and the corresponding changes in n, ␦n. The connection between these quantities is given by the linear response function (r,rЈ): ␦n͑r͒ϭ ͵ ͑r,rЈ͒␦v ext ͑ rЈ ͒d 3 
rЈ, ͑1͒
where (r,rЈ) is defined perturbationally. We use a compact notation by introducing the star symbol ͑Ã͒:
␦nϭÃ␦v ext .
The aim of this study is to provide more information about by performing reasonably accurate calculations for small systems: the He series and the Be series.
The second important aspect of density functional theory ͑DFT͒ is the Kohn-Sham approach: 2 The vast majority of practical calculations are performed by considering the fictitious system of noninteracting electrons, yielding the same density as the ͑physical͒ system of interest. As the Hohenberg-Kohn theorem is valid for any type of interaction between particles, there also is a mapping between n and the potential in the Kohn-Sham system, v KS . It is thus interesting to study the corresponding Kohn-Sham response function KS : ␦nϭ KS Ã␦v KS .
It is usually assumed that it is possible to reach the KohnSham system by switching off the electron-electron interaction ͑1/r 12 →/r 12 ; 0рр1͒. This adiabatic connection plays a central role in DFT, being the bridge between the physical and Kohn-Sham systems; it is the way most approximations are understood. Although it is not necessary ͑cf. Refs. 3-6͒, it is usually preferred to keep the density constant along the adiabatic connection. [7] [8] [9] [10] [11] In order to achieve it, the external potential changes continuously from v ext to v KS :v ext →v ͑v ϭ1 ϭv ext , v ϭ0 ϭv KS ͒. We will also show in the following some results for the linear response function along the adiabatic connection ()ϭ(r,rЈ;):
Usually, approximations are made only for the exchange-correlation part of the energy, which corresponds to approximating the exchange-correlation potential, v xc : In the simplest approach, the random phase approximation ͑RPA͒, f xc is set to zero:
f xc (r,rЈ)ϭ␦v xc (r)/␦n(rЈ) thus has the form f xc (n(r))␦(r ϪrЈ). Of course, this is also wrong, as for a one-electron system f xc (r,rЈ)ϭϪ1/͉rϪrЈ͉.
The connection between ␦v ext and ␦v KS is given by
where ⑀ Ϫ1 is the inverse dielectric function, which can be written as
Physically, ⑀ Ϫ1 reflects the effect of the interaction between electrons, and one might expect that this produces a screening of ␦v ext and thus a reduction of with respect to KS (⑀ Ϫ1 Ͻ1). One of the objectives of this work is to check whether this is true in the systems considered.
With ͑͒ one has to deal with functions of six variables. As we are interested in ␦v in atoms, we develop these functions in terms of spherical harmonics,
͑r,l,m;rЈ,lЈ,mЈ; ͒
As we consider only spherical densities ␦n(r)ϭ␦n(r), and furthermore only spherical potentials ␦v(r)ϭ␦v(r). To simplify notation, we will drop in what follows lϭlЈ ϭmϭmЈϭ0, and write r ͑ r,rЈ; ͒ϭ 1 4 ͑r,lϭ0,mϭ0;rЈ,lЈϭ0,mЈϭ0; ͒.
͑3͒
In order to manipulate the information we will consider the eigenvector decomposition, see, e.g., Ref. 13 :
where the i are orthonormal:
One advantage of this decomposition is that we can get the best approximation to r ͑in a least-squares sense͒ by cutting off the above-mentioned expansion by selection of the terms corresponding to the most important eigenvalues. Notice that a change of the potential by a constant does not modify the density, implying ͐ϭ0; this in turn means that
so that the i (r) necessarily have nodes.
II. METHOD
The response functions are derived from perturbation theory, by using 
and thus r can be obtained analytically. In many cases, like the noninteracting systems, it is common to use the sumover-states formula to obtain ⌿ (1) and thus r . With many programs, it is also convenient to use a small finite perturbing potential and analyze the resulting density.
For the noninteracting closed-shell system, it is easy to use the expression of KS in terms of Kohn-Sham orbitals, i , and eigenvalues ⑀ i ͑in a finite basis͒:
For interacting systems we generate r () in the basis of the i (r;ϭ0). To obtain it, we made a configuration interaction calculation after changing the external potential by
Ϫ3 k (r,ϭ0), and decompose the resulting density changes onto the same basis k (r,ϭ0); from
we obtain that the change in ␦n i
ϭ0)dr induced by ␦v k will be, to linear order, 10 Ϫ3 ik (). Some technical details are given in Appendices A and B.
We now check some limits of the procedures just described. A first one is given by the finite size of the basis set. One possibility to check it, is to compare the eigenvalues i (ϭ0), for a given basis set, with those obtained from a larger basis set, or those obtained on a dense numerical grid, by using the exact response function of the hydrogen atom ͑cf. Appendix C͒. We show in Fig. 1 the decimal logarithm of the first 35 eigenvalues i (ϭ0) of KS of the H atom: from calculations on a grid with 256 points and on two Gaussian basis sets. Of course, an increase of the size of the basis set produces a larger domain of validity of the i 's. Figure 1 shows a significant loss of quality of the smaller eigenvalues ͑notice the logarithmic scale of the plot͒. It is clear that only a limited number of nodes can be represented with finite basis sets. It is thus not surprising that not all eigenvalues are pertinent. Notice also that r has a number of eigenvalues larger than the number of basis functions. In fact, the problem of not describing the small eigenvalues is related to that of linear dependencies in the products of basis functions ͑see e.g., Refs. 14 -16͒.
The second problem is the finite perturbation approach which was used to obtain ( 0). For (ϭ0) the exact ␦n i k are equal to zero for i k. Due to the finite perturbation, these ␦n i k are, however, of the order of (␦v k ) 2 . For example, for the hydrogen atom, using ␦v 1 (r)ϭ10 
III. RESULTS
Typical plots of r 2 (r,rЈ)rЈ 2 are shown in Fig. 2 , taking as examples the hydrogen, helium, and beryllium atoms. The plot for the H atom shows that there are essentially two regions in the atom ͑the inner sphere, and the outer shell͒: A repulsive potential change ␦v in one of the regions produces a displacement of the radial density from it to the other region. Of course, the opposite effect appears for an attractive ␦v. The plot for the He atom is similar ͑cf. Fig. 2͒ . For the Be atom, however, a duplication appears, which we attribute to the shell structure. Such plots can be made for all . As the figures look similar, we show only ϭ0.
We will continue now with the analysis of the eigenvalues, i (), and eigenfunctions, i (), of the r (). The eigenvalues are given for ϭ0 and ϭ1 in Tables I and II. Ordering the eigenfunctions with increasing eigenvalues ͑the eigenvalues are negative, see, e.g., Ref. 17͒ we observe that in the Be series the first four eigenfunctions are localized in the core region, while the fifth is localized in the valence region ͑cf. Fig. 3 for Be at ϭ0͒. It turns out that the eigenfunctions change only little with ; we notice a significant change in the eigenvalues, especially for the first one in each shell. We show in Figs. 4 and 5 the ratio i ()/ i (ϭ0) for the helium and the beryllium atoms. We can also decompose r () on the basis of the eigenfunctions of r (ϭ0), i (ϭ0), as in Eq. ͑6͒. Within our accuracy, i j is a nearly diagonal matrix, as can be seen in Fig. 6 . This in turn means that ⑀ Ϫ1 ͓Eq. ͑2͔͒ will also be nearly diagonal in this basis: We now turn to the question of screening. We will speak about ''screening'' when ⑀ i Ϫ1 Ͻ1, and about ''antiscreening'' when ⑀ i Ϫ1 Ͼ1. Some ⑀ i Ϫ1 were already shown in Figs. 4 and 5. We see that in theses cases screening is present. We now show in Fig. 7 in the Be series, as can be seen in Fig. 8 , where ⑀ 5 Ϫ1 ( ϭ1) is shown as a function of nuclear charge of the ion, Z. We could not detect, however, antiscreening effects at RPA level. We thus attribute antiscreening to the increase in i ()/ i (ϭ0) produced by f xc . In order to understand the antiscreening in the Be series, remember that two configurations ͑⌽ s and ⌽ p , corresponding to 1s 2 2s 2 and 1s 2 2 p 2 ͒ are both important. We should thus consider, as a first approximation to the eigenstates ͑see also Ref. 18͒:
To zeroth order, the response function is ͑ 0 ͒ ͑ r,rЈ͒ϭ
where ⌬E 0i are the energy denominators, and ⌿ i (0) the unperturbed eigenfunctions. The first term on the right-hand side reflects the effect of near degeneracy, while the second is general. As ⌽ s and ⌽ p differ by two orbitals, and (r) is a one-electron operator, ͗⌽ s ͉ (r)͉⌽ p ͘ϭ0 and the first term on the right-hand side of Eq. ͑7͒ has a numerator:
͑8͒
The second term has contributions of the type
where Eq. ͑9͒ are left. This corresponds to the noninteracting case for the system considered. When ␣ is nonzero these terms, Eq. ͑9͒, become smaller than for ␣ϭ0, reducing the response ͑screening has occurred͒. Notice, however, that an opposite effect is also present ͓cf. Eq. ͑8͔͒: A contribution to arises, which was not present at ␣ϭ0. We attribute to this term, related to near degeneracy, the appearance of antiscreening. The increase of antiscreening with the nuclear charge Z is essentially related to the change of the energy denominator ⌬E 01 with Z.
IV. CONCLUSION AND PERSPECTIVES
In this paper we showed the static linear density-density response function of Kohn-Sham systems having the densities of the He atom, the Be atom, and their isoelectronic ions, up to Zϭ10. Furthermore, we studied the change of the response functions with , a constant multiplying the electronelectron interaction operator, while keeping the density constant. It turned out that the eigenstates of the response functions do not significantly change with , while their eigenvalues do. There is a significant difference between the He and the Be series, in the change of the eigenvalues with . While electron-electron interaction in general screens the effect of the perturbing potential, we observe the opposite effect for higher Z in the Be series. This effect is connected with the contribution coming from the variation of the exchange-correlation potential with the density, f xc , and gives a further indication about the difficulty to properly describe it ͑see, e.g., Ref. 19͒ .
It can be hoped that a better knowledge of will finally help one to construct better approximations to f xc , and to the exchange-correlation functionals, in a similar way as knowledge of exact Kohn-Sham potentials are useful ͑see, e.g., Ref. 20͒.
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APPENDIX A: BASIS SETS
Uncontracted even tempered Gaussian basis sets, up to f functions, were used in the calculations. For each angular quantum number, M exponents ␣ n were produced by the rule 
APPENDIX B: CALCULATION OF THE RESPONSE FUNCTION KS FROM THE EIGENVECTORS OF THE OVERLAP MATRIX PRODUCTS OF PRIMITIVE GAUSSIANS
Given a set of Gaussian primitive functions g p (r), let m ϭg p (r)g q (r), where p runs over the primitives appearing in the occupied orbitals and q runs over those appearing in the virtual orbitals; m is a composite index. To avoid problems due to linear dependencies between the m , we choose to develop the KS As for high i, the numerical values of the i may lose significance ͑becoming 10 Ϫ16 or lower or even positive͒, only the first few largest in absolute value (Ͻ10 Ϫ6 ) are kept ͑19 for He series and 18 for Be series͒.
APPENDIX C: EXACT RESPONSE FUNCTION R OF THE HYDROGEN ATOM
In order to facilitate the reading of the present paper we give in the following a derivation of r (r,rЈ) for the hydrogen atom, although it is given, at least implicitly, in the literature ͑see, e.g., Ref. 21͒.
In the case of noninteracting spherically symmetric systems it is customary to replace the radial functions R(r) by u(r)ϭrR(r), in order to write the Schrödinger equation as that of a particle in one dimension:
where l is the angular momentum quantum number. 
